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Abstract 

Certain curvature properties and scalar invariants of the manifolds 
belonging to one of the main classes almost contact manifolds with Nor- 
den metric are considered. An example illustrating the obtained results 
is given and studied. 
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Introduction 

The geometry of the almost contact manifolds with Norden metric (l?-metric) 
is a natural extension of the geometry of the almost complex manifolds with 
Norden metric (5-metric) in the odd dimensional case. 

Almost contact manifolds with Norden metric are introduced in pQ. Eleven 
basic classes of these manifolds are characterized there according to the prop- 
erties of the covariant derivatives of the almost contact structure. 

In this work we focus our attention on one of the basic classes almost 
contact manifolds with Norden metric, namely the class J-\\. We study some 
curvature properties and relations between certain scalar invariants of the 
manifolds belonging to this class. In the last section we illustrate the obtained 
results by constructing and studying an example of an T\\ -manifold on a Lie 
group. 



1 Preliminaries 

Let M be a (2n + l)-dimensional smooth manifold, and let (</?, be an 
almost contact structure on M, i.e. (p is an endomorphism of the tangent 

1 This work is partially supported by The Fund for Scientific Research of the University 
of Plovdiv, Bulgaria, Project RS09-FMI-003. 
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bundle of M, £ is a vector field, and rj is its dual 1-form such that 

(1.1) <p 2 = -Id + r?®£, V(0 = 1 - 

Then, (M, (p, £, rj) is called an almost contact manifold. 

We equip (M, (p, £, rj) with a compatible pseudo-Riemannian metric g sat- 
isfying 

(1.2) g(ipx, ipy) = -g(x, y) + r)(x)r){y) 

for arbitrary x, y in the Lie algebra X{M) of the smooth vector fields on M. 
Then, g is called a Norden metric (B-metric), and (M,ip,^,rj,g) is called an 
almost contact manifold with Norden metric. 

From (jl.ip . (jl.2p it follows = 0, 77 o y> = 0, r/(x) = g(x,S t ), g(ipx,y) = 
9(x,<py). 

The associated metric g of 5 is defined by g(x, y) = g(x, ipy) + rj(x)r](y) and 
is a Norden metric, too. Both metrics are necessarily of signature (n + l,n). 

Further, x,y,z,u will stand for arbitrary vector fields in X(M). 

Let V be the Levi-Civita connection of g. The fundamental tensor F of 
type (0,3) is defined by 

(1-3) F(x,y,z)=g((y x <p)y,z) 

and has the properties 

, , F(x,y,z) = F(x,z,y), 

(1.4) 

F(x, ipy, tpz) = F(x, y, z) - F(x, £, z)rj(y) - F(x, y, ^)rj(z). 

From the last equation and = it follows F(x,£,£) = 0. 

Let {ej,£} (i = 1,2, ...,2n) be a basis of the tangent space T p M at an 
arbitrary point p of M, and g %3 be the components of the inverse matrix of 
idij) with respect to {ej,£}. The following 1-forms are associated with F: 

9{x) = g ij F(ei,ej,x), 6*{x) = g ij F( ei , ipej, x), 

(I- 5 ) 

Uj{x) = -F(£, £, x), LO*=LOOip. 

We denote by the vector field corresponding to u, i.e. w(x) = g(x, Q). 

The Nijenhuis tensor N of the almost contact structure (tp, £, rj) is defined 
by [6] N(x,y) = [92, y?](x, y) + dn{x, y)£, i.e. 

iV(x, y) = if 2 [x, y] + [ipx, ipy] - <p[<px, y) - tp[x, ipy] + (V x r])y.£ - (V y rf)x.£ 

In terms of the covariant derivatives of ip and rj the tensor N is expressed 
as follows 

N(x, y) = (y<p X (p)y - (V w </?)a; - <p(V x (p)y + ip(V y ip)x 
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where (V x rj)y = F(x,tpy,g). 

The almost contact structure in said to be integrable if N = 0. In this 
case the almost contact manifold is called normal [6]. 

A classification of the almost contact manifolds with Norden metric is 
introduced in [T]. This classification consists of eleven basic classes Ti (i = 
1,2, ...,11) characterized according to the properties of F. The special class 
J-q of the (/9-Kahler-type almost contact manifolds with Norden metric is given 
by the condition F = (Vyj = V£ = Vr? = 0). The classes for which F is 
expressed explicitly by the other structural tensors are called main classes. 

In the present work we focus our attention on one of the main classes of 
these manifolds, namely the class J~n, which is defined by the characteristic 
condition [1] 

(1.7) F(x, y, z) = rj(x){i](y)uj(z) + r)(z)u(y)}. 

By (fL5j) and (fL7"|) we get that on a J"n -manifold 9 = u, 9* = 0. We also 
have 

(1.8) (V x oj*)y = (V x u)<py + rj{x)v(vM^)- 

The 1-forms u and to* are said to be closed if dw = dco* = 0. Since V is 
symmetric, necessary and sufficient conditions for u and oj* to be closed are 

(1.9) iy x u))y = (VyUj)x, (y x u>)(py = (V y uj)ipx. 
The curvature tensor R of V is defined as usually by 

(1.10) R(x, y)z = V x V y z - S/ y V x z - V[ Xjy ]Z, 

and its corresponding tensor of type (0,4) is given by R(x, y, z, u) = g(R(x, y)z, u) 
The Ricci tensor p and the scalar curvatures r and r* are defined by, respec- 
tively 

(1-11) p(y,z) = 9 l3 R{ei,y,z,ej), r = g lJ p(ei,ej), t* = g lJ p(a, ipej). 
The tensor R is said to be of yj-Kahler-type if 

(1.12) R(x, y, ipz, ipu) = -R(x, y, z, u). 

Let a = {x, y} be a non-degenerate 2-section spanned by the vectors i,t/6 
T p M, p € M. The sectional curvature of a is defined by 

(1.13) k{a- P )- R{x ^ x) 



m(x,y,y,x) ' 
where tti(x, y, z, u) = g(y, z)g(x, u) - g(x, z)g(y, u). 
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In [5] there are introduced the following special sections in T p M: a in- 
sertion if a = a (/2-holomorphic section if ipa = a and a totally real 
section if ipa _L a with respect to g. 

The square norms of Vip, Vrj and V£ are defined by, respectively [3]: 



We introduce the notion of an isotropic Kahler-type almost contact mani- 
fold with Norden metric analogously to [2]. 

Definition 1.1. An almost contact manifold with Norden metric is called 
isotropic Kdhlerian if ||V^|| 2 = ||Vt/|| 2 = ( ||V^|| 2 = ||V£|| 2 = 0). 

2 Curvature properties of J^i-manifolds 

In this section we obtain relations between certain scalar invariants on J-\\- 
manifolds with Norden metric and give necessary and sufficient conditions for 
such manifolds to be isotropic Kaherian. 

First, by help of CCS]), COD, ([HID , CE3>; <P^D and direct computation we 
obtain 

Proposition 2.1. On a T\\-manifold it is valid 



Then, (pTTj) and Definition O yield 
Corollary 2.1. On a T\\-manifold the following conditions are equivalent: 

(i) the manifold is isotropic Kdhlerian; 

(ii) the vector $7 is isotopic, i.e. w(Sl) = 0; 

(iii) the Nijenhuis tensor N is isotropic. 

It is known that the almost contact structure satisfies the Ricci identity, 

i.e. 



Then, taking into account the definitions of <p, F, and V<? = 0, the equalities 
422D imply 



(1.14) 



V(^|| 2 = g^g ks g ((V e ^)e fe , (V e ^)e s ) , 
Vr/|| 2 = | |Ve|| 2 = sV s (V e< 7/) efe (Ve,77)e s . 



(2.1) 



||V<^|| 2 = -||iV|| 2 = -2||V??|| 2 = 2w(fi). 



(2.2) 



(V x V y (p)z - (V y V x ip)z = R(x,y)ipz - tpR(x,y)z, 
(V x V y r))z - {V y V x rj)z = -r](R(x,y)z). 



(2.3) 



(V x F)(y, z, ipu) - (V y F)(x, z, ipu) = R{x, y, z, u) 
+R(x, y, <pz, ipu) - R(x, y, z, £)r](u), 



4 



(2.4) (V x F)(y,<pz,0 - (V y F)(x,<pz,0 = -R(x,y,z,Z). 
By ([L3D, (I2I3D and ([23D we get 

(2.5) R(x, y, cpz, ipu) = -R(x, y, z, u) + ^(S)(x, y, z, u), 
where the tensor ipi(S) is defined by |3] 

ip4:(S)(x, y, z, u) = T](y)rj(z)S(x, u) - r](x)rj(z)S(y, u) 

(2.6) 

+ rj(x)r)(u)S(y, z) - rj(y)r](u)S{x, z). 

and 

(2.7) S(x, y) = (V x Lo)ipy - u(cpx)u((py). 
Then, the following holds 

Proposition 2.2. On a T\\-manifold we have 

r + T** = 2div(^)=2p(£,£), 
where r** = g ts g jk R(ei,ej,(pe k ,(pe s ). 

Proof. The truthfulness of the statement follows from (jl.lip and (I2.5P by 
straightforward computation. □ 

Having in mind (11.120 and p.5p . we conclude that the curvature tensor on 
a .Fii-manifold is of c/j-Kaher-type if and only if ip^S) = 0. Because of (|2.6p 
the last condition holds true iff S = 0. Then, taking into account (jl.8j) and 
(|2.7p we prove 

Proposition 2.3. The curvature tensor of a T\\-manifold with Norden metric 
is (p-Kaherian iff 

(2.8) (V x u;*)y = V (x)ri(y)u(n) + u*(x)u*(y). 
The condition (|2.8p implies do;* = 0, i.e. lv* is closed. 

3 An example 

In this section we present and study a (2re + l)-dimensional example of a 
^n-manifold constructed on a Lie group. 

Let G be a (2n + l)-dimensional real connected Lie group, and q be its 
corresponding Lie algebra. If {xq, xi, x^n) is a basis of left-invariant vector 
fields on G, we define a left-invariant almost contact structure (ip, £, rf) by 

(pxi = x i+n , ipxi +n = —Xi, (px = 0, i = l,2,...,n, 

(3.1) 

£ = x , f](x ) = 1, r)(xj) = 0, j = 1,2, ...,2n. 
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We also define a left-invariant pseudo-Riemannian metric g on G by 
g(x ,x ) = g{xi,Xi) = -g(x i+n ,x i+n ) = 1, i = l,2,...,n, 

(3.2) 

g(xj,x k ) = 0, j^fc, j,A; = 0, l,,...,2n. 

Then, according to (jl.ip and (|1.2p . (G, (/?, £, 77, 5) is an almost contact manifold 
with Norden metric. 

Let the Lie algebra g of G be given by the following non-zero commutators 

(3.3) [xi,x ] = XiX Q , i = 1,2, ...,2n, 

where Aj 6 R. Equalities (|3.3p determine a 2n-parametric family of solvable 
Lie algebras. 

Further, we study the manifold (G, 92, £, 77, g) with Lie algebra 3 defined by 
(|3.3p . The well-known Koszul's formula for the Levi-Civita connection of g on 
G, i.e. the equality 

2g(Vx z Xj,x k ) = g([xi,Xj],x k ) + g([x k ,Xi],Xj) + g([x k , xj], Xj), 

implies the following components of the Levi-Civita connection: 

V^xj = = 0, V ? Xi = -AiC, i,j = l,2,...,2n, 

(3.4) 

Then, by (I1.3P and (I3.4p we obtain the essential non-zero components of F: 

(3.5) £, Xi) = uj(xi) = -X i+n , F(£, £, x i+n ) = o;(x i+n ) = A*, 
for i = 1, 2, n. Hence, by (jl.7p and (|3.5[) we have 

Proposition 3.1. The almost contact manifold with Norden metric (G, if, £, rj, g) 
defined by h3. h3. Sty and \3. 3\) belongs to the class T\\ ■ 

Moreover, by (jl.9p . (j3.4j) and ()3.5[) we establish that the considered mani- 
fold has closed 1-forms u and oj* . 

Taking into account (|3.4p and (jl.lOp we obtain the essential non-zero com- 
ponents of the curvature tensor as follows 

(3.6) R(xi,£,£,Xj) = -XiXj, i, j = l,2,...,2n. 

By (I3.6P it follows that R(xi,Xj,(px k ,(px s ) = for all i,j,k,s = 0,1,..., 2n. 
Then, according to (|2.5p and (|2.7p we get 

Proposition 3.2. The curvature tensor and the Ricci tensor of the J-±i- 
manifold (G,<p,£,r],g) defined by \3. 1\) . \3. S\) and (fff.ffj) have the form, re- 
spectively 

R = tp4,{S), p(x, y) = 7](x)r](y)tTS + S(x, y), 
where S is defined by \2. 7| ) and tvS = div(yfi). 
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We compute the essential non-zero components of the Ricci tensor as fol- 
lows 

p(xi,Xj) = -XiXj, i = 1,2, ...,2n, 

^0 = -ELi(A 2 fc -A^ n ). 

By (jl.lip and (|3.7p we obtain the curvatures of the considered manifold 

n n 

(3.8) r = -2 (A| - \\ +n ) , r* = -2 A fc A fc+n . 

fe=i fc=i 

Let us consider the characteristic 2-sections ajj spanned by the vectors 
{xi,xj}: ^-sections ao,i (i = 1,2, ...,2n), f/j-holomorphic sections oti^ +n (i = 
1,2, ...,n), and the rest are totally real sections. Then, by (|1.13p . (I3.ip and 
(I3T6D it follows 



Proposition 3.3. The T\\-manifold with Norden metric (G, <p,£,ri,g) defined 
by \3. {23Jj and 113.3]) has zero totally real and (p-holomorphic sectional 
curvatures, and its ^-sectional curvatures are given by 

A 2 

k(a ,i) = — j— 1 — r, i = 1,2, ...,2n. 
g[xi , x% ) 

By ()3.2p and (|3.5p we obtain the corresponding vector $7 to w and its square 
norm 

n n 

(3.9) n = - (Afc+n^fc + A fc x fc+n ) , w(fi) = - ^ (A 2 , - A^ +n ) . 
fc=i fc=i 

Then, by (j3.9|) and Corollary 12.11 we prove 

Proposition 3.4. The T\\-manifold with Norden metric (G, <p,£,ri,g) defined 
by \3. IP , \3.2§ and \3. 3\) is isotropic Kdhlerian iff the condition J2k=i [^k ~ ^k+n) 
holds. 
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